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1 Introduction 



In this paper, we consider the Dunkl operator A^, a > —1/2, associated with the reflection 
^ . group Z2 on M. The operators were in general dimension introduced by Dunkl in [2] in connection 

\G [ with a generalization of the classical theory of spherical harmonics; they play a major role in 

various fields of mathematics [31 HI [5] and also in physical applications [6] . 
Tjlj- ■ The Dunkl analysis with respect to a > —1/2 concerns the Dunkl operator A^, the Dunkl 

, transform J^a and the Dunkl convolution *a on M. In the limit case {a = —1/2); A^, JPq, and *a 

agree with the operator d/dx , the Fourier transform and the standard convolution respectively. 
^ ■ First, we study the Dunkl Sonine operator Sa^p, (5 > a: 

and its dual S^^p connected with these operators. Next, we establish for them the same results 
as those given in [HI [Uj for the Radon transform and its dual; and in |^ for the spherical mean 
operator and its dual on R. Especially: 

- We define and study the complex powers for the Dunkl Laplacian = A^. 

- We give inversion formulas for S^^p and ^Sa^p associated with integro-differential and 
integro-differential-difference operators when applied to some Lizorkin spaces of functions 

(see [a mils]). 

- We establish a Plancherel formula for the operator ''Sa,/3- 

The content of this work is the following. In Section [21 we recall some results about the 
Dunkl operators. In particular, we give some properties of the operators Sa,i3 and ^Sa,/3- 



*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection 
is available at |http:/ /www.emis.de/journals/SIGMA/DunkLoperators.html| 
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In Section[3l we consider the tempered distribution for A G C\{— (£ + 1), £ G N} defined 

by 



(|a;| ,(p):= / \x\ ip{x)dx. 
Jr 

Also we study the complex powers of the Dunkl Laplacian {—Aa)^, for some complex number A. 
In the classical case when a = —1/2, the complex powers of the usual Laplacian are given in |16] . 
In Section m we give the following inversion formulas: 

g = Sa,fsKiCSc.,f,){g), f = {' S^,p)K2S^,pU), 
where 



Klif) = ^ {-Aaf-y, K^if) = ^ {-Af,)f-y and 



Next, we give the following Plancherel formula for the operator ^S^^p: 

|/(a;)|Vl'^+'d^= / \K;{'S^M)){y)W^^dy, 
where 



i^3(/) = ./^(-A„)(^-")/V. 

V Ca 



2 The Dunkl intertwining operator and its dual 

We consider the Dunkl operator Aq,, a > —1/2, associated with the reflection group Z2 on M: 

■f{x)-f{-x) 



Kf{x) := -rf{x) + 



2 



dx X 
For Q > —1/2 and A G C, the initial problem: 
Kf{x) = Xf{x), /(O) = 1, 

has a unique analytic solution Ea{\x) called Dunkl kernel [31 [5] given by 

\x 

Ea{\x) = 9q:(Ax) + — — — 9a+l(A3;), 

2(a + 1) 



(1) 



where 



9„(Ax) := r(a + 1) f; .^^""'f^.y 
^-^ n! 1 n + Q + 1 



n=0 

is the modified spherical Bessel function of order a. 
Notice that in the case a = —1/2, we have 

= d/dx and E^ii2{\x) = e^^. 

For A G C and x G M, the Dunkl kernel has the following Bochner-type representation 
(see [3111]): 
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where 



r(a + i) 

V^r(a + l/2)' 



which can be written as: 

/\x\ 
-N 

^a(O) = 1. 



We notice that, the Dunkl kernel Ea{\x) can be also expanded in a power series [lOj in the 
form: 



^0 ^«(«) 



where 

hin{a) = —, — — rTr(n + a + 1), 62n+i(a) = 2(a + l)fe2n(a + !)• 
i (q + ij 

Let a > —1/2 and we define the Dunkl intertwining operator Va on (the space of 

C°°-functions on M), by 

VM)i^) ■■= da f{xt){l - t'Y-^'\l + t)dt, 

which can be written as: 

^a(/)(:r) = a„sgn(x)|xr(2"+i) f^'^ f(^y)^^^_yY-'^\x + y)dy, x / 0, 

J-\x\ 

vMm = f{o). 

Remark 1. For a > —1/2, we have 
Ea{X.) = Va{e^-), A G C. 

Proposition 1 (see [18], Theorem 6.3). The operator Va is a topological automorphism of£{M), 
and satisfies the transmutation relation: 

KivM)) = (^/) , / G m)- 

Let a > —1/2 and we define the dual Dunkl intertwining operator on 5(M) (the Schwartz 
space on M), by 

V„(/)(x) :=a„ / sgniy){y^-xY"'^\x + y)fiy)dy, 

which can be written as: 

V,(/)(x) = a„sgn(x)|x|2-+i / sgn(t)(t2 - l)"-^/'(l + t)/(xt)dt. 

J\t\>i 
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Proposition 2 (see [19], Theorems 3.2, 3.3). 

(i) The operator is a topological automorphism of S{M), and satisfies the transmutation 
relation: 

V,(A,/) = feSiR). 
(a) For all f G and g G we have 

K.(/)(x)5(x)|x|2"+i(ix = / fixyVM)ix)dx. 



Remark 2 (see [15]). 

(i) For a > —1/2 and / G <?(IR), we can write 

Vaif)ix) = Ka(/e)(|x|) + (M/o) (|x| ) , 

where 

/e(x) = 1(/(X) + /(-X)), /,(X) = i(/(x) - /(-X)), M/,(X) = Xfoix), 

and is the Riemann-Liouville transform (see [T7], page 75) given by 

^Me){x) := 2a„ [' fe{xt){l - tY'^'^dt, x > 0. 
Jo 

Thus, we obtain 

v~\f){x) = ^~\mx\) + Ui~\Mmx\). 

Therefore (see also |20] . Proposition 2.2), we get 

vM) ^ .4 ( J^)^ {x- /.(x.)(i - 



K7'(/o)(^)=dc 



/,(xt)(l - t2)--"-V2^2a+2^^| 



where r = [a + 1/2] denote the integer part of a + 1/2, and da = r(a+i)r(r-a+i/2) • 
{ii) For a > —1/2 and / G 5(M), we can write 

V„(/)(X) = W^a(/e)(|x|) + xWa{M-^fo){\x\), 

where 

M~Vo(x) = ^(/(x)-/(-x)), 

and Wa is the Weyl integral transform (see [T71 page 85]) given by 

/oo 
/e(xt)(t2-l)""^/2^dt, x>0. 

Thus, we obtain 

CVar'fix) = WaHfe){\x\) + xW-\M-'fo){\x\). 
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The Dunkl kernel gives rise to an integral transform, called Dmikl transform on M, which 
was introduced by Dunkl in [4], where already many basic properties were established. Dunkl's 
results were completed and extended later on by de Jeu in [5]. 

The Dunkl transform of a function / G is given by 

-^a(/)(A) := / ^^(-iArE)/(x)|x|2"+i(ix, A G M. 

We notice that J- ^1/2 agrees with the Fourier transform !F that is given by: 

Tim) ■■= I e~^^y{x)dx, AgM. 

Proposition 3 (see [5]). 

(i) For all f £ 5(M), we have 

^„(A„/)(A) = iA.F„(/)(A), AGE, 

where is the Dunkl operator given by ([I]) . 

(a) Ta possesses on 5(M) the following decomposition: 

=^ o /GcS(M). 

(Hi) Ta is a topological automorphism o/5(]R), and for f G 5(M) we have 

fix) = Ca [ EaiiXx)raif)iX)\Xf''+^dX, 

where 

1 

^'^ ~ [2"+ir(a + l)]2' 

iiv) The normalized Dunkl transform ^/c^T^ extends uniquely to an isometric isomorphism 
0/ L^(]R, |xp""'"^(ix) onto itself. In particular, 

[ |/(x)|2|x|2"+idx = c„ /" \J'M)WW^'dX. 
Jr Jr 

For T G we define the Dunkl transform T^iT) of T, by 

(^,(r),(^) := (r,.F,(v9)), ^GcS(IR). (3) 

Thus the transform extends to a topological automorphism on 5'(M). 
In [12], the author defines: 

• The Dunkl translation operators r^, x G M, on <?(M), by 

TJiy) :=(Kv)x®(Kv)J(K,)-'(/)(2; + y)], 2/ g M. 

These operators satisfy for x, ?/ G M and A G C the following properties: 

EaiXx)EaiXy) = TxiEaiX.))iy), and 
^a(Tx/)(A) = EkiiXx)J'aif)W, f G SiR). 
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Proposition 4 (see [H]). If f & C(M) (the space of continuous functions on and x,y £ 
such that {x,y) / (0,0), then 



Txf{y) = ac 



fe{{x,y)e) + fo{{x,y)e)-^^^ 



ix,y) 

feiz) = 1(/(Z) + f{-z)), fo{z) = \{f{z) - f{-z)), 



1 — sgn(xy) cos 9] sin " 6d9 



{x,y)g = \/ x'^ + y'^ — 2\xy\ cos 6. 
• The Dunkl convolution product of two functions / and g in 5(]R), by 

/ *a 9{x) := / r,./(-y)5(y)|y|2"+idy, x G M. 

This convolution is associative, commutative in 5(M) and satisfies (see [191 Theorem 7.2]): 

•^a(/ *a g) = J^a{f )J^a{g)- 

For T G 5'(IR) and / G 5(M), we define the Dunkl convolution product T *a f, by 

T*^f{x):={T{y),Tj{-y)), x G M. (4) 

Note that *_i/2 agrees with the standard convolution *: 
T*f{x) ■.= {T{y)J{x-y)). 

3 The Dunkl Sonine transform 

In this section we study the Dunkl Sonine transform, which also studied by Y. Xu on polynomials 
in [20]. For thus we consider the following identity, which is a consequence of Xu's result when 
we extend the result of Lemma 2.1 on i5(R). 

Proposition 5. Let a,f3 £ ] — l/2,oo[, such that (3 > a. Then 

^/3(Ax) = a„,^ i5^a(Axt)(l-t2)^-°-i(l + t)|t|2"+idt, (5) 

where 

r(/? + i) 



r(/3-a)r(a + l)' 
Proof. From (l2|), we have 



E^{\xt){l - t^f-'^-'il + t)\t\^-^^dt = V ^ /n(a,/3), 
J-i ^0 



where 



or 



^(a,/3) = j^e{l-t'f-''-\l + t)\t\ 



Jo Jo 
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_ r(/3-a)r(n + a + l) 
~ r(n + /3 + l) ' 

and 

Jo 

Thus 

which gives the desired result. ■ 
Remark 3. We can write the formula ([5]) by the following 

Ef,{Xx) = aa,fs sgn(x) \x\-^'^+''> E^{Xy){x' - y^f~''~\x + x / 0. 

J-~\x\ 

Definition 1. Let a,f3 £ ]— l/2,oo[, such that P > a. We define the Dunkl Sonine trans- 
form Sa,i3 on <?(M), by 

Sa,f,{f){x) :=a„,^ j^J{xt){l-t'Y-''-\l+t)\t\^^+^dt, 
which can be written as: 

S„,;3(/)(x)=a„,^Sgn(x)|x|-(2/5+l) /(y)(x2-y2)/3-"-l(^ + y)|y|2a+l^y^ ^ 

J-\x\ 

Remark 4. For a, (3 £ ] — 1/2, cxd[, such that P > a, we have 

Ep{\.) = Sa,p{E^{X.)), A G C. (6) 

Definition 2. Let a,(3 £ ] — l/2,oo[, such that /3 > a. We define the dual Dunkl Sonine 
transform ^Sa,i3 on by 

*5a,/3(/)(x) := a„,^ / sgn{y){y'^ -x'^f~'"~\x + y)f{y)dy, 

which can be written as: 

= a,,^sgn(x)|xp(/^-") / sgn(t)(t2 - lf-^-\t + l)f{xt)dt. 

J\t\>i 

Proposition 6. 

(i) For all f G £{R) and g G cS(IR), we have 

I S^,p{f){x)g{x)\x\''P+Ux= [ /(x)*5„,^(5)(x)|x|2"+Mx. 
(a) J-j3 possesses on S{M) the following decomposition: 
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Proof. Part (i) follows from Definition [T] by Fubini's theorem. Then part (ii) follows from (i) 



In [20\ Lemma 2.1] Y. Xu proves the identity Sa^p = Vp o on polynomials. As the 
intertwiner is a homeomorphism on and polynomials are dense in <f(M), this gives the 

identity also on iS(R). In the following we give a second method to prove this identity. 

Theorem 1. 

(i) The operator ^Sa^p is a topological automorphism of 5(M), and satisfies the following 
relations: 



(a) The operator Sa,i3 is a topological automorphism of <f (M), and satisfies the following 
relations: 



and (0) by taking / = Ea{—iX-)- 



%,^(A^/) = A«(%,^(/)), /g5(M). 



SaAf) = Vp o V-\f), fe£{R), 

MSaAf)) = SaA^cf), f G 




(7) 




/GcS(M). 



(8) 



Thus from Proposition [2] (i) 




Using the fact that 




we obtain 



's^A^pf) = AaCv^)-\%{f)) = AU'SaAf))- 



(a) From Proposition [5] (ii), we have 




On other hand, from ([5]), Proposition [5] (ii) and Proposition [U] (i) we have 



/ fix)%{g){x)dx= [ f{xYV^o'S^A9){^)dx= [ K.(/)(x) X,/3(<7)(x)| 



X 




Then 



s„,/5 o vM) = Vp{f). 
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Hence from Proposition [H 



Using the fact that 



we obtain 

A/3(5,,^(/)) = Vp o V-\Kf) = SaA^af), 
which completes the proof of the theorem. ■ 

4 Complex powers of Aq, 

For A € C, Re(A) > —1, we denote by \x\^ the tempered distribution defined by 

{\x\^,ip):= / \x\^ip{x)dx, ip£S(R). (9) 
Jr 

We write 

{\x\^,(p)= / x^[(f{x) + (p{-x)]dx, (peS{R), 
Jo 

then from [1], we obtain the following result. 

Lemma 1. Let ip G 5(M). The mapping g : X ^ {\x\''^,ip) is complex-valued function and has 
an analytic extension to C\{— (1 + 2£), i G N}, with simple poles — (2£ + 1), ^ G N and 

Proposition 7. Let ip G S{R). 

(i) The function A {\x\^~^'^°'^^ , p) is analytic on C\{— (2q + 2£ + 2), £ £ N}, with simple 
poles -{2a + 2£ + 2), £eN. 

(ii) The function X ^ 2^°+^+2r(a+ijr( \ | x | ~ (^+^ , y?) is analytic on C\{- {2a + 2£ + 2) , 
£ G N}, with simple poles -{2a + 21 + 2), I e N. 

(m) For A G C\{-(2a + 2£ + 2), ^ G N} we have 

{iv) For X G C\{-(2a + 2^ + 2), £ G N} we have 

2^ -p/-2«+A+2 



\X 



\+2a+l 



r(a + l)r(-A/2) 



' . inS'-sense. 
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Proof, (i) Follows directly from Lemma [TJ 

(ii) From [TJ pages 2 and 8] the function A — > r(^ 2a+^A+2 -j j^^^g analytic extension to 
C\{-(2a+2^+2), i G N}, with simple poles -(2a + 2£+2), ^ e N, and the function A r{-\/2) 
has zeros 2i, i S N. Thus from Lemma [T] we see that 



22a+A+2r(„ + l)r( 



2Q+A+2 ^ 



^ r(-A/2) ^' ' '^^ 

is analytic on C\{-(2a + 2^ + 2), £e N}, with simple poles -(2a + 2^ + 2), ^ G N. 

(iii) Let determine the value of J-a{\x\^~^^°'~^^) in the 5'-sense. We put i^tix) '■= e~*^'^, t > 0. 
Then ipt e 5(]R), and from [12]: 

jr^(^j)(x) = T{a + l)t-("+i)e-^'/^*, x G R. 

Furthermore, for ip £ S{M) we have 

Multiplying both sides by t--'*/^-! ^j^ci integrating over (0,oo), we obtain for Re(A) g] — (2a + 
2),0[: 

This and from dSj) we get for Re(A) G ]-(2a + 2), 0[: 



22"+^+2r(a + i)r( 



2«+A+2n 



(\^\X+2a+^ _ x^L^-rx;x^ ^ ^ |^|-(A+1) 

■^a[\x\ )- r(-A/2) ' ' 

The result follows by analytic continuation. 
(iv) From (iii) we have 

I ,A+2«+i - 2^"+^+^r(a + i)r(^) 

m - r(-A/2) ^ ^' ' 

Using the fact that 

{:F-\\xr'^'+'^),p) = {\xr('+'\:F-Hp)), peS{R). 

By applying ([9]) and Proposition [3] (iii), we obtain 

(.F-i(|x|-(^+^)),^) = c« / |x|-(^+i).F„((^)(-x)cix, G 5(M). 

Then 

^-l(|:,|-(A+l))=c,^4|x|-(^+l)), 

which gives the result. I 

Definition 3. For A G C\{-(a + ^+l), £ G N}, the complex powers of the Dunkl Laplacian /X^ 
are defined for / G 5(M) by 

where is the Dunkl convolution product given by (0]). 



Sonine Transform Associated to the Dunkl Kernel on the Real Line 



11 



In the next part of this section we use Definition [3] and Proposition [7] (iv) to establish the 
following result: 

^„((-A,)V)(x) = |x|2^^«(/)(x). 

Proposition 8. For X G C\{-(a + ^ + 1), ^ G N} and f e S{R), 



(-A„)V(x) = 6„(A) 

where 



Ml + sgn(xy)cose) 



{x,y)e 



2(A+a+l) 



2^^r(a + A + i) = y^.TF^^^^?^. 

7rr(Q + l/2)r(-A) V V y \ y\ 



Proof. From Definition [21 (HD and we have 

r(a + i)r(-A) 

22^r(a + A + l) / .,|-2(A+.+i),^^(_^)|^|2«+i^^, 



r(a + i)r(-A) 

So 

Then the result follows from Proposition HI ■ 

Note 1. We denote by 

• ^ the subspace of S{M.) consisting of functions /, such that 

/W(0) = 0, VfcGN. 

• the subspace of 5(M) consisting of functions /, such that 

/ /(y)/|y|'"+'d2/ = o, v/cGN. 

The spaces ^ and <I>_i/2 s-i's well-known in the literature as Lizorkin spaces (see 

Lemma 2 (see [1]). The multiplication operator M\ : f — > A G C, is a topological 

automorphism of . Its inverse operator is {M\)~^ = M-\. 

Theorem 2. 

(i) The Dunkl transform is a topological isomorphism from onto ^. 

(ii) The operator ^Sa^p is a topological isomorphism from onto 

{Hi) For A G C\{-(a + ^ + 1), £ G N} and f £ , the function (-A^)^/ belongs to G 
and 

^a((-A„)V)(x) = |x|2V„(/)(x). (10) 
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Proof, (i) Let f e ^a, then 
Hence G ^. 

Conversely, let (7 G ^. S ince J^Q- is cl topologiccil cLutomorpliisin of S (I^) • There exists 
/ G such that = 5. Thus 

5^(0) = / f{x) x'^lxp^+^dy = 0, V A; G N. 



So / G and J^a(/) = 5- 

(ii) follows directly from (i) and d?]). 

(iii) Similarly to the standard convolution if / G S{M) and S G then 5 / G if (M) 
and T|^|2q+i G 5'(M). Moreover 

Let / G <^Q and A G C\{-(a + ^ + 1), £ G N}. Consequently, from Definition EJ Proposi- 
tion [7] {iv) and Q we have 

•^a(^2:|2"+l(-Aa)^/) = = ^x|2^+2"+lj^a (/) • (11) 

On the other hand from ([3]), 

af(7|^|2Q+i(_A„)A/) = ^x|2a+ijr^((_A^)A/)- (12) 
From (jlip and (|12p . we obtain 

^„((-A,)V) = 

Then by Lemma[2]and (i) we deduce that (— A^)^/ G ■ 

5 Inversion formulas for S'q,,/3 and *S'q,^/3 

In this section, we establish inversion formulas for the Dunkl Sonine transform and its dual. 
Definition 4. We define the operators Ki, K2 and K^, by 

K,{f) := ^^-i(|A|2{/^-") TM)) = - {-^af-V, f e ^a, 

Cq, Cq, 

K2{f) := ^^^-^(|Ap(^-°).F^(/)) = £^ (-A^)/^-/, / G «>^, 

Cq, Cq, 

^3(/) := ./^•^Q-'dAI^-^.FQa)) = /£^(-Aq)(/5-")/2/, / G <I>Q. 

V V '''i 

Lemma 3. For all g G ^p, we have 

KiCSo.,p){g) = CSa,p)K2{g). (13) 
Proof. Let g Using Proposition [H] (zz). 
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Theorem 3. 

(i) Inversion formulas: For all f G $q and g G we have the inversions formulas: 
(a) <7 = Sa,/3/^i(X,/3)(5), {h) f = {'Sa,,p)K2So,,p{f). 

(a) Plancherel formula: For all f £ we have 

Proof, (i) Let g G ^>^. From Proposition [3] (in) , ([6]) and Proposition [6] (ii), we obtain 
9 = cp [ 5,,/3(i?a(iA.))^/3(5)(A)|A|2/5+idA 

E^{iX.)T^ o 'S^MiXM^f+'dX 

J--H|A|2(/5-")j-„o%,^(5))" . 

Thus 

5 = Sc,,/3/^i(*5„,^)(5), g£<^/3- 
From the previous relation and (|13p . we deduce the relation: 

(ii) Let / G ^p. From Proposition [3] (zf) and Proposition [6] (ii), we deduce that 
\f{x)\'\x\'^+'dx = cp [ ||A|^-"^„(*S„,;3(/))(A)|'|A|2"+idA. 



C/3 Sa,l3 
Cry 



Thus we obtain 

\f{x)\'\x\'('+'dx = c^ I |^4K3(*5,,,^(/)))(A)|'|A|2"+idA. 



Then the result follows from this identity by applying Proposition [3] {iv). ■ 

Remark 5. Let / G and g G ^/s- By writing (a) and (6) respectively for the functions 
Safiif) and ^Sa,i3{g), we obtain 

(c) / = i^i(*S,,^)5„,^(/), (d) g = K2So.A'Sa,(3){9)- 
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